Abstract. In this work, we consider the model-checking problem for a quantitative extension of the modal μ-calculus on a class of hybrid systems. Qualitative model checking has been proved decidable and implemented for several classes of systems, but this is not the case for quantitative questions, which arise naturally in this context. Recently, quantitative formalisms that subsume classical temporal logics and additionally allow to measure interesting quantitative phenomena were introduced. We show how a powerful quantitative logic, the quantitative μ-calculus, can be model-checked with arbitrary precision on initialised linear hybrid systems. To this end, we develop new techniques for the discretisation of continuous state spaces based on a special class of strategies in model-checking games and show decidability of a class of counter-reset games that may be of independent interest.
Introduction
Modelling discrete-continuous systems by a hybrid of a discrete transition system and continuous variables which evolve according to a set of differential equations is widely accepted in engineering. While model-checking techniques have been applied to verify safety, liveness and other temporal properties of such systems [1, 8, 9] , it is also interesting to infer quantitative values for certain queries. For example, one may not only check that a variable does not exceed a threshold, but also want to compute the maximum value of the variable over all runs.
Thus far, quantitative testing of hybrid systems has only been done by simulation, hence lacking the strong guarantees which can be given by model checking. In recent years, there has been a strong interest to extend classical modelchecking techniques and logics to the quantitative setting. Several quantitative temporal logics have been introduced, see e.g. [3, 4, 6, 7, 11 ], together with model-checking algorithms for simple classes of systems, such as finite transition systems with discounts. Still, none of those systems allowed for dynamically changing continuous variables. We present the first model-checking algorithm for a quantitative temporal logic on a class of hybrid systems. The logic we consider, the quantitative μ-calculus [6] , is based on a formalism first introduced in [4] . It properly subsumes the standard μ-calculus, thus also CTL and LTL. Therefore the present result, namely that it is possible to model-check quantitative μ-calculus on initialised linear hybrid systems, properly generalises a previous result on model-checking LTL on such systems [8, 9] , which is one of the strongest model-checking results for hybrid systems.
The logic we study allows to express properties involving suprema and infima of values of the considered variables during runs that satisfy various temporal properties, e.g. to answer "what is the maximal temperature on a run during which a safety condition holds". To model-check formulae of the quantitative μ-calculus, we follow the classical parity game-based approach and adapt some of the methods developed in the qualitative case and for timed systems. To our surprise, these methods turned out not to be sufficient and did not easily generalise to the quantitative case. As we will show below, the quantitative systems we study behave in a substantially different way than their qualitative counterparts. We overcome this problem by first working directly with a quantitative equivalence relation, roughly similar to the region graph for timed automata, and finally introducing and solving a new kind of counter-reset games, which may be interesting in their own right.
Organisation. The organisation of this paper follows the reductions needed to model-check a formula ϕ over a hybrid system K. In Section 2, we introduce the necessary notation, the systems and the logic. Then, we present an appropriate game model in Section 3 and show how to construct a model-checking game G for the system and the formula. In Section 4, we transform the interval games constructed for arbitrary initialised linear hybrid systems to flat games, where the linear coefficients are always 1. In Section 5, we show how the strategies can be discretised and still lead to a good approximation of the original game. Finally, in Section 6, we solve the obtained parity games with counters.
Hybrid Systems and Quantitative Logics
We denote the real and rational numbers and integers extended with both ∞ and −∞ by R ∞ , Q ∞ and Z ∞ respectively. We write I(Z ∞ 
